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1. The two body problem

I
* Motion in inertial frame
* Relative motion
* Angular momentum
e Solution of problem
* Energylaw
* Trajectories
 Time and position
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

— Newton’s Iaw of gravitation

position of masses grawtatlonal forces

/ ./|: 21

universal gravitational G=6 6742X10—11 m3 / kg S2

constant
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

— Newton’s law of gravitation

)

position of masses gravitational forces
r m, .4.
I:21
m, /F12 :

1st time measured by @
Cavendish, 1798 h universal gravitational e 2
G =6.6742x10"" m*/kgs

constant
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

. . m.m
— Newton’s law of gravitation E,=-G—-2
I
g conservative force can be expressed by

. o potential energy
position of masses gravitational forces

/ 2 1
m, /ﬁ12 ’:>

1st time measured by @
Cavendish, 1798 h universal gravitational 13 2
G =6.6742x10"m"/kgs

constant
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

— Newton’s law of gravitation

Central body | p [m3/s?]

Earth 3.98600441 x 104
Moon 4.90279888 x 102
Mars 4.2871 x 1013

Sun 1.327124 x 10%°

L can be measured with @

considerable precision by |f _ _|E H M, r
. . 21 12 3
astronomical observation r

B
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

— Newton’s law of gravitation

|||||||||||||||||||||||

9/9, []
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

— Newton’s law of gravitation

1.00 -

0.95

9/9, []

altitude of ISS
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

0.0236

0.0234 -

................ _ I

101 o

- i

> 0.0232 -

L B_) L

08} _

I 0.0230 |

— 0.6 L

- 0.0228 |
<! i |

B) - L
04r 0.0226 - altitude of GEO|

35400 35600 35800 36000
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1. The two body problem

Motion in inertial frame

* Two body problem can by defined by:
— Newton’s law of gravitation I:> F,=-F,=-G
— Newton's laws of motion

i

r

r3

inertial frame of
reference

/ I

B
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:
— Newton’s law of gravitation I:> F,,=-F,=-G
— Newton's laws of motion %

R,

/ r

inertial frame of
reference

m,

B

\\KE esa : : : : S T U Orbitz.aIMechaniFs
&\: e o o o Space for Education, Education for Space



1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

. = = m.m, _
— Newton’s law of gravitation I:> F,=—F,=-G—=T
"
— Newton's laws of motion % / \,
@ mry = |:12 m, Rz — I:21

inertial frame of
reference

m1 + m2
center of mass
(s,

\{
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

— Newton’s law of gravitation BE) F, =—F, =—-G —r
r
— Newton's laws of motion % / \,
@ mR, =F, m,R, =Fy

inertial frame of

reference
2 x time F_é B m1R1+m2R2
derivative G —
/ m, + m,
mR, + m,R
G
m1 + m2

center of mass
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

— — m, m
) . . _ . 1 2 =
— Newton’s law of gravitation I:> F,,=—F,=-=0G 3 r
— Newton's laws of motion % / \,
@ mlRl — |:12 m, Rz — I:21
inertial frame of
reference
2 x time F_é B mlRl +m2R2
derivative G —
/ m, + m,
. R center of mass is:
ml Rl + m2 R2 - e motionless
G R. = * or motion s in
ml + mz G straight line with
center of mass constant velocity
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

- - m,m
) . . 12 #
— Newton’s law of gravitation BE) F, =—F, =—-G r3 r
— Newton's laws of motion % / \,
mlRl — F12 m, Rz — I:21
“' | |
® o m,R, + m,R,
c =
! center of mass is:
_ * motionless
ﬁ _ 6 * or motion is in
r 2 G straight line with
» constant velocity

(o,

\
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

. = = m.m, _
— Newton’s law of gravitation I:> F,=—F,=-G—=T
"
— Newton's laws of motion % / \,
m, ﬁl — F12 m, Iiz — I:21

, : ! !

5 m,R, + m,R,
5 =
m, +m,

center of mass is:
_ * motionless

* or motion isin
d G straight line with
constant velocity

(o,

\
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1. The two body problem

Motion in inertial frame

 Two body problem can by defined by:

— Newton’s law of gravitation I:> =—F, =-G 3 r
— Newton's laws of motion % / \,
inertial frame of m1R1 — F12 m, Rz — I:21

reference l l
F _

\\l
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1. The two body problem

Motion in inertial frame

* Two body problem can by defined by'

— Newton’s law of gravitation B2) F

— Newton's laws of motion % ] / \, .

inertial frame of R m
reference ﬂ ﬂ
R, = G °r m,R, r
_ modification o
I m, gravitational parameter \ equations /
#=G(m, +m,) =
ift: M, >>m, :
p=G0m

(o,

\
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1. The two body problem

e —— Relative motion

 Two body problem can by defined by:
— Newton’s law of gravitation @
— Newton's laws of motion \:'>

inertial frame of
reference

vector I defined in
inertial frame of reference
expressed in coord. system 1jk

{1 q

F=0%—X)i +(Y,—Y) ] +(z, -2,k

B
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1. The two body problem

Relative motion

 Two body problem can by defined by:
— Newton’s law of gravitation @
— Newton's laws of motion \:>

inertial frame of
reference

vector I can be expressed in coord.
system i1 j1k1 , that rotates about
inertial coord. system with instant

angular velocity ¢ and instant angular

acceleration ¢y

r= (X21)i_i + (Y21)Tl + (221)l21

B
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1. The two body problem

e —— Relative motion

 Two body problem can by defined by:
— Newton’s law of gravitation @
— Newton's laws of motion \:>

inertial frame of
reference

—

F=r

rel

+a><r+a)><( )+20)><V

2 x time derivative in
inertial frame of reference

r= (le)i_i + (Y21)T1 + (221)l21

(o,

\
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1. The two body problem

e —— Relative motion

 Two body problem can by defined by:
— Newton’s law of gravitation @

— Newton's laws of motion ~ ==)

inertial frame of
reference

if 1, Jlkl is not rotating coord.
system

+aXT +ax(oxT)+20xV,,

I = r

rel

2 x time derivative in
inertial frame of reference

r= (le)i_i + (Y21)T1 + (221)l21

(o,

\
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1. The two body problem

e —— Relative motion

 Two body problem can by defined by:
— Newton’s law of gravitation @
— Newton's laws of motion \:'>

inertial frame of
reference

‘ relative acceleration of

moving (non-rotating)
frame of reference in
coord. components

+ 6 initial conditions

\\\\“{}‘ e 0o 00 . .
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1. The two body problem

. Angular momentum
* relative angular momentum of body m, per unit

mass _

h:—(Fxmzr’):Fxl’
m,
R ‘ 1 x time derivative
dh > 7T L T .=
= xF+rxr=rxr
dt

m

trajectory %

s
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1. The two body problem

. Angular momentum
* relative angular momentum of body m, per unit

mass _

h:—(Fxmzr’):Fxl’
m,
R @ 1 x time derivative
dh > 7T L. T .=
=FxXr+rxr=rxfr
dt
— lLl_)
+—r =0
m, r3

trajectory %

s
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1. The two body problem

e
Angular momentum

* relative angular momentum of body m, per unit
mass _

S Y -\ -
h=—Irxm,f)=rxr

mz
@ 1 x time derivative

angular momentum
is conserved

m

trajectory %

s

\\KE esa Teoe S T U Orbital Mechanics
&\: e o o o Space for Education, Education for Space



1. The two body problem

e
Angular momentum

* relative angular momentum of body m, per unit
mass _

velocity vector can be expressed as

F=V=V0 +V

v

angular momentum can be expressed as

—

N=rxf=rxV, +rxV, =rxv,

m

trajectory %
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1. The two body problem

e
Angular momentum

* relative angular momentum of body m, per unit
mass _

velocity vector can be expressed as

F=V=V0 +V

U

angular momentum can be expressed as

—

N=rxf=rxV, +rxV, =rxv,

l IZ * unit vector
- / 1« time invariant
m ,
1 \ h * magnitude of

h=rv angular momentum
. i
trajectory /7 * time invariant

S
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1. The two body problem

e
Angular momentum

* relative angular momentum of body m, per unit
mass

e Cartesian coord.
system

. * unit vector
j1 - — — / 1« time invariant
- h=FxV, =rv k, =hk,
: ' \ h °magnitude of
. h / angular momentum
trajectory * time invariant

\\l\
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1. The two body problem

. Angular momentum
* relative angular momentum of body m, per unit
mass

e Cartesian coord.
system

* Polar coord.
system

. * unit vector
— / 1« time invariant

h=FxV, =rv K, =hk,
\ h * magnitude of

angular momentum

trajectory * time invariant
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1. The two body problem

. Angular momentum
* relative angular momentum of body m, per unit
mass

e Cartesian coord.
system
* Polar coord.

system
* unit vector
- ~ - _,/ 1« time invariant
Jeﬂm», h=rxv, =rv, Kk, =hk,
1 \ h ° magnitude of

angular momentum

trajectory * time invariant
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1. The two body problem

e —— Solution of problem

* Equation of orbit

cross product with h

=]
<!

w

=l
X
> |
||
|
=
|
X
> |

q

e Cartesian coord.
system

* Polar coord.
system

trajectory %

(N
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1. The two body problem

Solution of problem
* Equation of orbit

r=ri. h=46
— I' and h expressed
I by pol dinat
R Vi y polar coordinates cross product with h
,’/ ‘\\\ Vr — — ILl -
V . Fxh=—---rxh
1 r3

e Cartesian coord.
system

* Polar coord.
system

trajectory %

s
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1. The two body problem

Solution of problem

* Equation of orbit -
r=ri. h=0r%,

- I' and h expressed
I by polar coordinates @

I x

jl
=

e Cartesian coord.
system

* Polar coord.
system

trajectory %

s
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1. The two body problem

e —— Solution of problem

e Equation of orbit -

- I and h expressed
r by polar coordinates

/m
N

" L -

. Fxh = -2 Fxh
1 r3

| m,

e Cartesian coord.

system I -

e Polar coord. r xh = ,Ll@ jg

system

angular momentu
is const. vector

trajectory
L
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1. The two body problem

e —— Solution of problem

e Equation of orbit .

r=ri 0
— I and h expressed
I by polar coordinates —
ANy P cross product with h
TV - L~
v IF'xh = _H I x h
VJ_ r3
| m,
e Cartesian coord.
system L -
* Polar coord. F'xh = ,Ll@ 0

system

trajectory

(N
\\\\\“: *ee Orbital Mechanics
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1. The two body problem

e —— Solution of problem

* Equation of orbit

—_

L]
TR~
/ S~
/

e Cartesian coord.
system

* Polar coord.
system

 Unit vectors of polar
coord. system are not
constant vectors

—
-

i, ;= cosfi, +siné j,

A N - _sinoi+coso
trajectory % Jo 1 L

B
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1. The two body problem

e —— Solution of problem

* Equation of orbit

—_

L]
TR~
/ S~
/

e Cartesian coord.

system dr’
* Polar coord.  Unit vectors of polar Ir = —sin gr +cosd@ I
system coord. system are not dé 1 1
constant vectors ’
i )Jh1 & i =cosfi, +siné j,
m,- —>

h W) § —sinoi +coso ]
trajectory % Jo 1 L

B
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1. The two body problem

e —— Solution of problem

* Equation of orbit

r
—_ /I \ \\\ Vr
V< di. -
m L= |
* Cartesian coord. 2 ‘ do — Jo
system df
* Polar coord.  Unit vectors of polar " — _sin 6’? +cosé I
system coord. system are not dé 1 !
constant vectors &]
i ) & i =cos@i, +sind j,
ml -

h W) § —sinoi +coso ]
trajectory % Jo 1 L

B
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1. The two body problem

e —— Solution of problem

* Equation of orbit

e U isscalar—time

re invariant parameter
Ko dfon de)
Ve —\lFxh)=u—1I,
V . dt dt
1
m
* Cartesian coord. 2
system d|—>
* Polar coord.  Unit vectors of polar " — _sin gr +cosd@ I
system coord. system are not dé 1 1
constant vectors &]
i ) & i =cos@i, +sind j,
ml -

L | ], =—sinoi, +cosd ],

trajectory

S
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1. The two body problem

e —— Solution of problem

* Equation of orbit

e U isscalar—time
invariant parameter

v d (F X ﬁ)— Y7 i (r ) & « € isintegration
dt ' ‘ constant, |e const. vector
(Fxh)=u(i, +é)

I +€

-~ -~

e Cartesian coord.
system

* Polar coord.
system

trajectory %

S
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1. The two body problem

Solution of problem
* Equation of orbit

e U isscalar—time
invariant parameter

V i (F y H’)_ d (I"r ) @ « € isintegration

H dt % constant, i.e. const. vector
)l
e dot product with r 1 (I" h H Ir +€

r-(Fxh)=ur-( +8)

¥ =

e Cartesian coord.
system

* Polar coord.
system

trajectory
s

\\ . e o 00 . .
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1. The two body problem

e —— Solution of problem

* Equation of orbit

e U isscalar—time
invariant parameter

Y] d (F < ﬁ): 7 i (r ) @ « € isintegration
' % constant, i.e. const. vector
m (F<h)=u(i, +e)
>« dot product with T Q F<h M\l +E€
r-(fxh)=ur-( +6) .
s * using a- bxc) (é'xb)-f:
(r X

r) h=pur(l+ecosd)

¥ =

e Cartesian coord.
system

* Polar coord.
system

trajectory

\l\
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1. The two body problem

e —— Solution of problem

* Equation of orbit

e U isscalar—time
invariant parameter

V i (F X ﬁ): 7 i (r ) @ * € isintegration
dt ' % constant, i.e. const. vector
« dot product with I Q (I" X h): H (Ir -I-E)
r-(fxh)=ur-( +6) )
% * using a- bxc) (é'xb)-f:

(Fx ) = ur(l+ecosd

@

1 e Scalar equation of orbit F(H)
trajectory % * € is eccentricity

-~ —

e Cartesian coord.
system

* Polar coord.
system

\l\
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1. The two body problem

e —— Solution of problem

* Equation of orbit

—_

L]
TR~
/ S~
/

£ (1+ecos6)

e Cartesian coord.
system

* Polar coord.
system

* Scalar equation of orbit I’(9)
* € is eccentricity
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1. The two body problem

e —— Solution of problem

* Equation of orbit

—_
L]
TR~

/ S~

/

e Cartesian coord.

system
* Polar coord. d
i _Or _Hcing
dth
m,-

* Scalar equation of orbit I’(9)
* € is eccentricity
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1. The two body problem

e —— Energy law

* energy of system written in inertial frame of
reference placed in center of mass E, =E,+E,+E,

inertial frame of
reference

m2
F

B
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1. The two body problem

e —— Energy law

* energy of system written in inertial frame of
reference placed in center of mass E, =E,+E,+E,

" 4

E = lm V2 _|_£m V2 —G m;m, expressed by inertial
inertial frame of ot 2 17 ml 2 27 m2 r motion
reference m2
F
ml

B
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1. The two body problem

Energy law
* energy of system written in inertial frame of

reference placed in center of mass E, =E,+E,+E,

" 4

1 1 m,m N
o E —--m V2 +Im V2 _G—L12 expr.essed by inertial
inertial frame of tot 2 17 ml 2 2°m2 r motion
reference m2
r E = 1 mlmz VZ e mlmz expressed by
tot 2 m, +m, r relative motion
ml reduced mass mlmz

of system ml + m2

S
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1. The two body problem

Energy law
* energy of system written in inertial frame of

reference placed in center of mass E, =E,+E,+E,

" 4

A lm V2 +£m V2 e m,m expressed by inertial
inertial frame of tot 2 17mil 2 2°m2 r motion
reference m2
r E = 1 mlmz VZ e mlmz expressed by
ot o’m +m r relative motion
specific orbital energy
M, educed mass MM, V& 7 (total energy per unit
of system ) | E=——— reduced mass)
m; +m, 2 I vis viva equation

S
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1. The two body problem

Energy law
* energy of system written in inertial frame of

reference placed in center of mass E, =E,+E,+E,

" 4

E = 1 m V = 1 m V —G mlmz expressed by inertial
inertial frame of tot 2 r motion
reference ! !
_ 1 m m2 VZ e mlmz expressed by
tOt 2 m, +m r relative motion
specific energy 2 ! !
expressed by € specific orbital energy
VZ )7, (total energy per unit
g:——— — E=——— reduced mass)

2h2

2 I vis viva equation

\l\
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1. The two body problem

—_—

* Shape of trajectory depends on eccentricity e

* Equation of orbit is equation of conic sections:

— circle e=0 | .
* equation of orbit

—ellipse 0O<ex<l1 2 1
_ =

— hyperbola e>1

I

B
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1. The two body problem

e —— Trajectories

* Circle: (bounded trajectory) e=0

* equation of h*
. I =
orb e =
* speed of . _M 7
motion . V=Ve =T (1+ecos@) mm)

27 r
* period R |:> T :2_77r3/2

*specific 1 u° , 1y
i VI S P 7

\\l\
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1. The two body problem

—_—

e Circle: (bounded trajectory) e =0

central body | circ. velocity | circ. period
[km/s] [min.]

Earth 7.90 84.48

Moon 1.68 108.36

Mars 3.55 100.19

Sun (surface) 436.7 166.91
1.5Rg  2Rp  2.5Rg

Sun (Earths) 29.78 5.26x10°

*trajectories of satellite in different
altitude passed in time Tg, 4

\l\k
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1. The two body problem

—_—

* Circle: (bounded trajectory) e =0

2
V= ﬁ T _ _72- r3/2
*trajectories of satellite in r \/;
different altitude passed inin N
time Tg,, =84.48min . \y
Teeo =80164 S
2.5RE ] leeo = 42164 km

\ Vgeo = 3.07km's

B
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1. The two body problem

e —— Trajectories

 Ellipse: (bounded trajectory) 0<e <1

b — semiminor axis

empty focus

\

a — semimajor akKis

F-focus 4 -periapsis

A - apoapsis

B
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1. The two body problem

Trajectories

 Ellipse: (bounded trajectory) 0<e <1
h2 1 rA_rP

2 1/ T u ) W 16@ Ll

o 1+ e
1 (1+ecosd) 2 @
h 1 b —semiminor axis
\ My
(]_ e) @ -true

anomaly

I =

empty focus

A "™\¢. center
D /

a — semimajor akis

F-focus _p -periapsis

A - apoapsis

\\l\k

\\\ esa : : : : S T U Orbital Mechanics
K 0090 Space for Education, Education for Space




1. The two body problem

Trajectories

 Ellipse: (bounded trajectory) 0<e <1
h2 1 B h2 1

a =
h? 1 / H (1+e) %Za:rp+rA@ pl-e
1 (1+ecosd) 1 &

b — semiminor axis
\5 A (]_ e) @ -true

/ anomaly

I

A "™\¢. center
D /

a — semimajor akis

I =

empty focus

F - focus

P -periapsis

A - apoapsis
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1. The two body problem

e —— Trajectories

 Ellipse: (bounded trajectory) 0<e <1

28 =1y + 0y sy b=a,/|l-e°
oA _ CF=eca mm) b2:a2—(CF)2@
M+,

b — semiminor axis

2CF =r,—1;

@ -true

anomaly

empty focus

/

I

A "™\¢. center
D /

a — semimajor akis

F-focus _p -periapsis

A - apoapsis

B
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1. The two body problem

Trajectories

 Ellipse: (bounded trajectory) 0<e <1

* eccentricity * flattening

\\K\\“}&a

Orbital Mechanics

e ® o o
esa ::STU
&\‘— ces o0 Space for Education, Education for Space



1. The two body problem

—_—

 Ellipse: (bounded trajectory) 0<e <1

* eccentricity * flattening

usage: description usage: description
of orbits of planet shape

Ae=0.1 Af

flattening of Earth \/
1/ f =298.257
21.4 km diff. in radius

\l\k
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1. The two body problem

e —— Trajectories

 Ellipse: (bounded trajectory) 0<e <1

* equation of - h? 1
orbit i (1+ecosd)
* speed of V2 2
motion 8=——ﬁ V=\/—'u+ a
2 T a r

* period T — 27ab |_> . —2—7[61%
h Ju
*specific 5
_ 1 u 2 g:_lﬁ
crerey =y e) =

B
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1. The two body problem

Trajectories

 Ellipse: (bounded trajectory) 0<e <1

* ellipses with equal j] -
semimajor axis a: \/;

equal period and

:> orbital energy

(s

o _= wivll
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1. The two body problem

Trajectories

 Ellipse: (bounded trajectory) 0<e <1

e ellipses with equal &

equal period and
semimajor aX|s

:> orbital energy

k] e/l | rlkm] vl

42164 3.07 42164 3.07
29514.8 4.19 54813.2  2.25
16865.6  6.15 67462.4  1.53
8432.8 9.22 75895.2  1.02

Orbital Mechanics
Space for Education, Education for Space




1. The two body problem

Trajectories

 Parabola: (open trajectory) e=1

e equation of
orbit 1+1cosH

* speed of

motion &=——— |:> V= T / 6 ;p;cmrc;fmaly
especific 1 12
energy 5:_5%(1_92)% -0 / ‘\

P -periapsis

directrix

\\l\k
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1. The two body problem

e —— Trajectories

e Parabola: (open trajectory) e=1

2u

15000 Earth V —

r
\\\
S \ [km/s]
& Earth 11.18
o @/ Moon 2.37
S Mars 5.02
_10000 Sun (surface) 617.5
Sun (Earths) 42.12

—15000
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1. The two body problem

e —— Trajectories

* Parabola: (open trajectory) e=1

*trajectories of satellite in
different Ah, _1n

"4

s lon] (art)

15000

Earth

11 18
637.8 10.66
1275.6 10.20
1913.4 9.80
2551.2 9.44
3189.0 9.12
e 3826.8 8.83

e

N
\\ esa : : : : S T U Orbital Mechanics
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1. The two body problem

e —— Trajectories

* Parabola: (open trajectory) e=1

AR = 1 *trajectories of satellite in
fferent ap =1 g

T aA REarth
10 20000
Earth

s
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1. The two body problem

- : :
Trajectories
1

* Parabola: (open trajectory) e=1

Ah 1 Ahp = E REarth 00000

~60000-50 000—40 000—30 00020 000 10 000 %

—40000

- E REarth p E REarth

20000

\

—-60000

(s
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1. The two body problem

e —— Trajectories

* Parabola: (open trajectory) e=1
1

1
= — e — 60000
Ah p 10 REarth 200000 L Ahp 10 REarth
“;‘5‘5‘:':-:‘:'-_::___ 100000 } \
—800000 —-600000 —400000 —200000
—— " 100000 | .

—60000-50 000-40 000-30 000-20 000-10000 |
—200000
10

600000
400000
0 —40000
P T T L '
8x10 6x10 4 x =100000
—600000

(s

Ah, =— REarth

\

—-60000
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1. The two body problem

e —— Trajectories

* Hyperbola: (open trajectory)e >1

B

\\KE esa : : : : S T U Orbitz.aIMechaniFs
&\? e o o o Space for Education, Education for Space



1. The two body problem

Trajectories

. Hyperbola' (open trajectorv) e>1

°equann
orbit 1+ecosH

asymptotes ,
* speed of U 2,u £ o
. = - /
motion . V__ﬁ v° + \ @ semimajor 7
E = a r \ #
. axis v
2 I N I | vertex
o P
*specific & = H j\ / fl/
energy & 2a /// \\\ \\ X
2 L
— _l_ﬂ 1—e? F-focus / 7 6@ NN EmPYy
&= € \ focus
2 h?
N
W\
W\

N

\{

S
\\ e S T U Orbital Mechanics
K oo o o Space for Education, Education for Space




1. The two body problem

e —— Trajectories

* Hyperbola: (open trajectory)e >1

*trajectories of satellite with
different Ae=0.1

* periapsis: I, = Rgam

o Tl

1.1 11.45
1.2 11.72
1.3 11.98
1.4 12.24
1.5 12.49
1.6 12.74
1.7 12.99

B
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1. The two body problem

e —— Trajectories

* Hyperbola: (open trajectory)e >1

*trajectories of satellite with
different Ae=0.1

* periapsis: I, = Rgam

o Tl

1.1 11.45
A W 11.72
1.3 11.98
1.4 12.24
1.5 12.49
1.6 12.74
1.7 12.99

B
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1. The two body problem

Trajectories

* Hyperbola: (open trajectory)e >1

*trajectories of satellite with
different alt. Ah, =0.1Rg.,
* eccentricity:e=1.1

b vl

0.1xRe, 4, 11.45
0.2XRc, 11 10.92
0.3XRe, 11 10.45
0.4xRe, 4, 10.04
0.5XRe, 1 9.68
0.6XRc, 1 9.35
0.7%Re, 1, 9.05

B
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1. The two body problem

Trajectories

* Hyperbola: (open trajectory)e >1

tsqon| *trajectories of satellite with
. different alt. Ah, =0.1Rg,,
\ * eccentricity:€=1.1

0.1XRe, 4, 11.45
0.2XRe, 1, 10.92
0.3XRe, 4, 10.45

\_

—-30000 —-20000 10000

0.4xRc, 1 10.04

/ 0.5XR¢, 1 9.68
0.6XRe, 1 9.35
9.05

0'7XREarth

\l\k
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1. The two body problem

e —— Time and pOSitiOﬂ

* Two cases can be investigated:
— time as a function of position
— position as a function of time

* Only ellipse orbit is presented, but similar
expressions can be derived for all trajectories

B
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1. The two body problem

e —— Time and pOSitiOﬂ

* True, Mean and Eccentric anomalies

/ orbit

auxiliary
circle

\l\k
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1. The two body problem

e —— Time and pOSitiOﬂ

» true
anomaly @

* True, Mean and Eccentric anomalies

location of satellite

/ orbit focus

auxiliary
circle

\l\k
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1. The two body problem

e —— Time and position

* True, Mean and Eccentric anomalies

location of satellite |:> true
anomaly @

== virtual location on circle
with const. motion with

) the same period as
satellite has

/ orbit Me focus
anomaly

auxiliary
circle

\\\\\“:}‘ e o o0 . .
{zesa ::::STU OOt




1. The two body problem

Time and position
* True, Mean and Eccentric anomalies

rojection of ) )
proj location of satellite |:> true

location on
. anomaly 6
circle

== virtual location on circle
with const. motion with
the same period as

E satellite has

e %
/ orbit Me focus
anomaly

auxiliary
circle

eccentric

anomaly Ee

T

W * e Orbital Mechani
&—d esa . Space for Edurc;t?on, Efiuacglcfcsan for Space



1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position

* using mean anomaly

h=0r? d¢92

dt
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position

* using mean anomaly

h=0r? d<92

dt
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position

* using mean anomaly

h=0r? d¢92
dt
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position

* using mean anomaly

h=0r? d¢92
dt

\\l\
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position

* using mean anomaly

o
| do h’ dg
= 2 = — 2 t_t —
h=0r dt ' s !(1+ecosl9)2

o O

B
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position - ellipse 0<e <1

h3i d9

(1+ecosd)

\\l\k
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position - ellipse 0<e <1

h” d9
S

t—
(1+ecos 9y

g l _ _
1 1[ 1-e 6’} Vv1—e®siné
2 tan —e

0
‘([ 1+ecos9) (1—e2)3/2 1+ecosé
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position - ellipse 0<e <1

3 6
t, h j- dg
/ (1+ecosd)
t, =0 @ - -
T 1 1[ 1-e 6’} Vv1—e®siné
2 tan —e
0

t—

1+e0059l (1—e2)3/2 l+e 2 1+ecosd
T dg 1
s (+ecosgf  (1-e?f”

\\l\k
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position - ellipse 0<e <1
M [rad]

3
t= 22 (1—612)3/2 M.

O =N W R L N o

B
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position - ellipse 0<e <1

* using mean anomaly

M, [rad] e=0.576

641—ezﬂn9

1+ecosé

B
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position - ellipse 0<e <1

* using eccentric anomaly

3
t= 22 (1—612)3/2 M.

1—e? sing
1+ecosé

B
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position - ellipse 0<e <1

* using eccentric anomaly

h3 1 » Kepler’s equation

t= u? (—e? ) M. M, =(E —esinE)

B
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position - ellipse 0<e <1

* using eccentric anomaly = [ra,d], —

6_

B
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1. The two body problem

e —— Time and pOSitiOﬂ

* Time as a function of position - ellipse 0<e <1

* using eccentric anomaly

E [rad] e=0.576

B
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1. The two body problem

Time and position
* Time as a function of position - ellipse 0<e <1

e defined @

S

E. =2tan tan —
1+e€
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1. The two body problem

Time and position
* Time as a function of position - ellipse 0<e <1

e defined @

=
s

E. =2tan tan —
1+e

y

M, =(E—esinE)
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1. The two body problem

Time and position
* Time as a function of position - ellipse 0<e <1

e defined @
E. =2tan1[ 1€ tang]
@ 1+e
(E—esinE)

i

\\l\

\\\ esa : : : Orbital Mechanics
K oo Space for Education, Education for Space



1. The two body problem

Time and position
* Time as a function of position - ellipse 0<e <1

e defined @
E. =2tan1£ 1€ tang]
1+e

i

M, =(E—esinE)
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1. The two body problem

Time and position
* Time as a function of position - ellipse 0<e <1

e defined @

Ee=2tan1£ 1- etang]
1+e

2
@ M, =nt

M, =(E—esinE) t

i

21
: o "7
h 1 T
t=— iz Me m) | t= EMG * average angular
H (1_9 ) velocity
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1. The two body problem

Time and position
* Position as a function of time - ellipse 0<e <1

e defined t

B
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1. The two body problem

Time and position
* Position as a function of time - ellipse 0<e <1

e defined t

k3
!(

M —esinE,)

e
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1. The two body problem

Time and position
* Position as a function of time - ellipse 0<e <1

e defined t

i

M, =(E, —esinE,)

y

« E, must be computed
numerically

B
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1. The two body problem

Time and position
* Position as a function of time - ellipse 0<e <1

e defined t

o * the problem of finding
M, =—t true anomaly for defined
T time is called Kepler’s
@ problem

M, =(E, —esinE,)

€

i

« E, must be computed
numerically

B
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2. Orbits in three dimensions

* Frame of reference
 Earth-based systems

* Orbital elements

e C(Calculation of elements

B
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2. Orbits in three dimensions

Frame of reference
 to describe orbits in three dimensions, the

coordinate system in frame of reference must be
defined

e Newton laws are valid in inertial frame of
reference

e practically only pseudoinertial frame of reference
can be considered

e coordinate system is formed in considered frame
of reference

B
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2. Orbits in three dimensions

Frame of reference

e coord. system is defined by:
e origin, fundamental plane and preferred direction
* choice of frame of reference and subsequently
coordinate system depends on considered
trajectory:

* Interplanetary trajectory — Interplanetary systems,
e.g. Heliocentric coordinate system

e Earth orbits — Earth-based systems

B
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2. Orbits in three dimensions

Earth-based systems
 Geocentric Equatorial System (GES) - the most
common system in astrodynamics

 the center of coord. system is at
Earth’s center

* not-rotating coord. system AK
z% Sun
 fundamental plane — Earth’s autumnal ~ /
e PataL e midwinter
guator plane %

* axis X points towards
the vernal equinox

equator

o .¢"

~equatorial plane

midsum{’ner
* axis Z extends /\ > X\ ecliptic plane
ecliptic vernal

through the North Pole equinox

s
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2. Orbits in three dimensions

Earth-based systems

 Geocentric Equatorial System (GES):

* is often considered as Earth-Centered Inertial system
(ECI)

 ECI frame of reference is not fixed in space:

e gravitational forces of planets — planetary precession

. gravitational forces of Moon and Sun — luni-solar
precession with period 26,000 years

e combined effect — general precession

* inclination of Moon — additional torque on Earth’s
equatorial bulge — nutation with period 18,6 years

* due to precession and nutation equinox is moving

\l\k
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2. Orbits in three dimensions

Earth-based systems

 Geocentric Equatorial System (GES):

* for all precise applications, ECI must by defined on
specific date

 J2000 - commonly used ECI frame is defined with the
Earth's Mean Equator and Equinox at 12:00 Terrestrial
Time on 1 January 2000

 other Earth-based systems:

 Earth-Centered, Earth-Fixed Coord. System — rotate
with Earth

* Perifocal Coord. System

B
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2. Orbits in three dimensions

Orbital elements

e Location of the satellite:

1. the location of the orbital plane in defined
coord. system of chosen frame of reference
) Qi

2. the position of the elliptical orbit in this
plane

z/\
) o |
descending %)de

3. the characteristics of ellipse

m=) e, h(ora) o L
4. the position of the moving /
satellite on the orbit

=) 6 (or M)

A |_(> fatelllte

apoapsis —

s
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2. Orbits in three dimensions
Calculation of elements
 the goalisto determme orbltal elements from:

*  positionvector I = I, I +1T, j + T, k
+ velocity vector V= VXI +Vyj +Vzk

* both vectors are defined in GES at time {,

(o,

\
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2. Orbits in three dimensions

Calculation of elements

r=rli +ryj+rzk

V=Vl +V, ]+V,K

[ .\l'v

state vector | and V

B
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2. Orbits in three dimensions

Calculation of elements

r

i +r,J+rk

=V,l +V, ] +V,K

[ .\l'v

% <
|
N 1

>
1
=l
X
<l
1
=

statevector [ and Vv

1st element

B
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2. Orbits in three dimensions

Calculation of elements

F

rig+r,J+rk

V=Vi+Vv j+v,K

[ .\l'v

statevector [ and Vv

1st element

2nd element m -

B
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2. Orbits in three dimensions

Calculation of elements

[ .\l'v

€=

state vector

1
Z
d

2nd element m <:I n

d2esa :::iSTU

"

M

I
3th

—

I

@ h=hi+h]+h,

jr—(r-v vV

element

Orbital Mechanics

Space for Education, Education for Space

:Q|+QJ+Qk

V=V,i+V,j+V,

—_

K

o N



2. Orbits in three dimensions

Calculation of elements

r=rli +ryj+rzk

V =

Vi +v, j+v,k

3th element

—

statevector | and Vv
1st element
2nd elementm <:| » vector of node line

B
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2. Orbits in three dimensions

Calculation of elements

rig+r,J+rk

F

2R

V=Vi+V j+V,

[ .\l'v

3th element

—

state vector F and \V
i
1st element
2nd elementm <:| |:> » 4th element

B
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2. Orbits in three dimensions

Calculation of elements

rig+r,J+rk

F

V=Vi+Vv j+v,K

3th element

- 5th element
|:> 4th element

\\KE esa : : : : S T U Orbitz.aIMechaniFs
&\: e o o o Space for Education, Education for Space

—

statevector [ aNd V
P~
1st element
2nd element m <:| :>

B




Orbits in three dimensions

Calculation of elements

6th element - — =
‘ =N, +n, J+0K

3th element

state vector r and V
. |:> ) | 5thelement
1st element @

\l\k
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2. Orbits in three dimensions

Calculation of elements

Example:

iInput parameters:

B
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2. Orbits in three dimensions

Calculation of elements

Example: h =56430.1 kmZ /s
i = 28°
e =0.196
Q= 45°
o = 30°

iInput parameters:

(N
\\“_{.- Orbital Mechanics

W *
\&\;\? esa : Space for Education, Education for Space




2. Orbits in three dimensions

Calculation of elements

Example: h=56430.1 km?2 /s
Orbit in 2D view: | = 28°

e =0.196

Q =45°

@ =30°

Wi

Vs .
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2. Orbits in three dimensions

Calculation of elements

Example:

Orbit in 3D view:




2. Orbits in three dimensions

Calculation of elements

Example:

Orbit in 2D map: Orbit in 3D view:

iInput parameters:

dzesa ::iSTU



2. Orbits in three dimensions

Calculation of elements

Example: GEO

Orbit in 2D map: Orbit in 3D view:

input parameters: C::EO, circular orbit,
| =2.5°

\\\\\“:}‘ e 0o 00 . .
{zesa ::::STU S




2. Orbits in three dimensions

Calculation of elements

Example: GEO

o Detail view:
Orbit in 2D map:

' —>

input parameters: G:EO, circular orbit,
| =2.5°

s
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2. Orbits in three dimensions

Calculation of elements

Example: GEO

o Detail view:
Orbit in 2D map:

' =

iInput parameters: GI_EO’ Oe =0.01575
| =0°

B
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2. Orbits in three dimensions

Calculation of elements

Example: GEO

o Detail view:
Orbit in 2D map:

' =

input parameters: G_EO,2 220'01575
| =2.5°

B
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2. Orbits in three dimensions

Calculation of elements

Example: Molnija

Orbit in 2D map: Orbit in 3D view:

input parameters:

B
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3. Orbital perturbations

Perturbing forces
Geopotential

Orbit propagation
Variation of parameters
Examples of orbits

Orbital Mechanics

Space for Education, Education for Space



3. Orbital perturbations

Perturbing forces
Orbits of Earth satellites are influenced by 2 facts:

 The Earth is not exactly spherical and the mass
distribution is not exactly spherically symmetric

 The satellite feels other forces apart from the Earth’s
attraction:

e attractive forces due to other heavenly bodies
* forces that can be globally categorized as frictional

All these influences are called perturbations

B
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3. Orbital perturbations

Perturbing forces

Perturbing forces

Conservative forces — Non-conservative forces —

can be derived from cannot be derived from
potential: potential — dissipative

* flattening of the Earth forces:

e Attraction of the Moon * atmospheric drag

e Attraction of the Sun * radiation pressure

 Attraction by other planets

B
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source: Capderou: Handbook of Satellite Orbits

3. Orbital perturbations

Perturbing forces

1 2 3 4 5 6 78 10 1214
R I I -+

| Distance r (1000 km)

s sl7 80 o 0 40 50 60 70E0 100 Influence of perturbing forces

10

expressed by accelerations:

 GM — attraction of Earth
(sphere shape)

* )2 —flattening of the Earth
(Earth ellipsoid)

e J4, )6 — potential of Earth
expressed by higher orders

* Moon, Sun, Planets — their
attraction

107!
102
103
10+
105
105
107
108

10

Acceleration (m.s-2)

Orbital Mechanics
Space for Education, Education for Space




3. Orbital perturbations

Geopotential

Potential of single mass point:

position of masses
m,

potential energy of mass M5 in
gravitational field of mass M,

m,m
I

E =-G

p

s
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3. Orbital perturbations

Geopotential

Potential of single mass point:

position of masses
m,

potential energy of mass M5 in
gravitational field of mass M,

s
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3. Orbital perturbations

Geopotential

Potential of single mass point:

position of masses

m, potential energy of mass M5 in

gravitational field of mass M,

equation of motion
expressed by potential

F =grad(U)

s
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3. Orbital perturbations

Geopotential

Potential of Earth: 1. approximation - sphere

position of masses

dM m,

—

potential energy of mass M5 in
gravitational field of M

B
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3. Orbital perturbations

Geopotential

Potential of Earth: 1. approximation - sphere

position of masses

dM m,

—

d

potential energy of mass M5 in
gravitational field of M

r

&) g, - ¢ MM
d
M ‘ gravitational potential

dU = -

B
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3. Orbital perturbations

Geopotential

Potential of Earth: 1. approximation - sphere

position of masses

dM m,

—

d

potential energy of mass M5 in
gravitational field of M

r

&) g, - ¢ MM
d
M % gravitational potential

dU = -

B
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3. Orbital perturbations

Geopotential

Potential of Earth: 1. approximation - sphere

position of masses

dM m,

—

d

potential energy of mass M5 in
gravitational field of M

equal potential as

r single mass potential

' GM  u
S ¢, = MM V)=

M % gravitational potential " integration over

sphere boundary
du = - e GOV GdM
m, d IdU I

\\l\k
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3. Orbital perturbations

Geopotential

Potential of Earth: 2. approximation - ellipsoid

position of masses

dM m,
Ny d -
L r
___________ /1 "l//
M
‘Position of M,:
°Iongitudeﬂ
* latitude ¥
e radius r

B
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3. Orbital perturbations

Geopotential

Potential of Earth: 2. approximation - ellipsoid

rZ
position of masses ..
dM Ellipsoid:
— m, * longitude &
X’ d_-e - latitude 3
S > r » * radius PO

_______________________

& Position of M,:
* longitude A

e [atitude ¥
e radius r

B
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3. Orbital perturbations

Geopotential

Potential of Earth: 2. approximation - ellipsoid

rZ
position of masses ..
dM Ellipsoid:
— m, * longitude &
X’ d_-e - latitude 3
= I |:> * radius PO

_______________________

e [atitude ¥
e radius r

@Position of TZ:
* longitude 2
d= r\/1—23c030+('0j

r

B
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3. Orbital perturbations

Geopotential

Potential of Earth: 2. approximation - ellipsoid

rZ
position of masses ..
dM Ellipsoid:
— m, * longitude &
X’ d_-e - latitude 3
= I |:> * radius PO

_______________________

& Position of M,:
* longitude A

e [atitude ¥
e radius r

2
d = r\/1—23c030+(£j
r r

B

\\KE esa : : : : S T U Orbitz.aIMechaniFs
&\? e o o o Space for Education, Education for Space



3. Orbital perturbations

Geopotential

Potential of Earth: 2. approximation - ellipsoid

position of masses

using:
dM . m, * expansion of 1/d in terms
X’, d o of Legendre polynomials
A « symmetric properties of

ellipsoid ‘

s
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3. Orbital perturbations

Geopotential

Potential of Earth: 2. approximation - ellipsoid

position of masses using:

dM . m, * expansion of 1/d in terms
X’, d o of Legendre polynomials
A « symmetric properties of

lellipsoid /@

R is equatorial radius

J > dimensionless coefficient
s
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees
e potential is function of all 3 coordinates, i.e.#u(r,/l,w)

B
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees
e potential is function of all 3 coordinates, i.e.I:>U(r,/1,:,u)

B
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees
e potential is function of all 3 coordinates, i.e.I:>U(r,/1,:,u)

parameters are obtained from precise
observation of the motion of satellites

Z (C,, cos(mA)+S,. sin(mA))P, (siny
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees
e potential is function of all 3 coordinates, i.e.I:>U(r,/1,:,u)

parameters are obtained from precise
observation of the motion of satellites

[ S

> (Cp, cos(mA)+ Sy, sin(mA))P,, (siny
m=0

Legendre functions
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees
e potential is function of all 3 coordinates, i.e.I:>U(r,/1,:,u)

parameters are obtained from precise
observation of the motion of satellites

u(r,A,w) %i( jLZI:O C&c]os mA § sm(m/i))P,m(sinc,y)}
] ]

sm(m/l)P,m (S IN w) Legendre functions

cos(mA)P,. (siny)
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\\“ esa : : : : S T U Orbital Mechanics
K 0090 Space for Education, Education for Space




3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees
e potential is function of all 3 coordinates, i.e.I:>U(r,/1,:,u)

parameters are obtained from precise
observation of the motion of satellites

U(r,i,w):ﬁi( rj LZI:O C&clos(m/l J§ sin(mA))P,. (sin w)}
products r2 @

sin(mA)P,_(siny) sHlm o) =P Gy )e™ Legendre functions
Cos(m/l)le (Sm 4 ‘ Complex functions called

Spherical Harmonics

(e

\{
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees
e potential is function of all 3 coordinates, i.e.I:>U(r,/1,:,u)

parameters are obtained from precise
observation of the motion of satellites

U(r,i,w):ﬁi( rj {ZI: C&clos(m/l J§ sin(mA))P,. (sin w)}

m=0

\l\k
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees

m=0 m=1 m=2 m=3

Spherical Harmonics
(SH)

Zonal
Harmonics

B
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees

m=0 m=1 m=2 m=3
|=0

Spherical Harmonics
(SH)

=1
| — Sectoral
Harmonics

B
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees

m=0 m=1 m=2 m=3
|=0

Spherical Harmonics
(SH)

= o N
—
P

. - O

B
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3. Orbital perturbations

Geopotential

Potential of Earth: expansion to higher degrees

m=0 m=1 m=2 m=3
|=0

Spherical Harmonics

(SH) ‘
=1 ‘
v geopotential model of

Earth is using coefficients in
SH expansion, for example

=2 Goddard Earth Model 10b
(GEM10Db) is using 21x21

SH expansion

- @ 9 B O

S
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3. Orbital perturbations

Orbit propagation

 the goalis to solve equation of motion with initial
conditions

F=grad(U)

* potential U expresses influence of central acceleration
and perturbative acceleration

U=U,+R
 for example, perturbative potential
2 =2
Uozﬁ R:_,UR3 JZBSlnl// 1
r r 2

B
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3. Orbital perturbations

Orbit propagation

* analytical methods: |:> general perturbations
 expresses modification of motion

 enable to determine whether the eccentricity increases,
the orbit begins to precess, and so on

* numerical methods: |:> special perturbations

e one step methods — purely mathematical approach:
Runge-Kuta

* multistep methods — methods developed by astronomers to
determine the motions of planets: Adams-Bashforth, Adams-

Moulton

 special methods design specially for artificial satellites

B
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3. Orbital perturbations

Variation of parameters

Variation of parameters is analytical method to

investigate influence of perturbation on planetary or
satellite motion

e Mathematical intro:

diff. equation with
right hand side

dy

<+ fty=g(t)

Wi
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3. Orbital perturbations

Variation of parameters

Variation of parameters is analytical method to

investigate influence of perturbation on planetary or
satellite motion

e Mathematical intro:

diff. equation with
right hand side

Wi
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3. Orbital perturbations

Variation of parameters

Variation of parameters is analytical method to

investigate influence of perturbation on planetary or
satellite motion

e Mathematical intro:

diff. equation with
right hand side

Wi
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3. Orbital perturbations

Variation of parameters

Variation of parameters is analytical method to

investigate influence of perturbation on planetary or
satellite motion

e Mathematical intro:

diff. equation with
right hand side

Y fltly=0 == & _ e mmy y=ce !
y

homogenous solution

c — int. constant
\\l\

dzesa i

Space for Education, Education for Space



3. Orbital perturbations

Variation of parameters

Variation of parameters is analytical method to

investigate influence of perturbation on planetary or
satellite motion

e Mathematical intro:

diff. equation with
right hand side

to obtain solution of eq.
d_ + f (t)y = g(t) - with right hand side, we
L @ allow c to be function of t

%Jrf(t)y:o —> d—;/:—f(t)dt —> y:Ce_“(t)dt

homogenous solution

c — int. constant
s
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3. Orbital perturbations

Variation of parameters

Variation of parameters is analytical method to

investigate influence of perturbation on planetary or
satellite motion

e Mathematical intro:

diff. equation with % _If(t)dt — (t)
right hand side ‘ t
dy

to obtain solution of eq.
d_ + f (t)y = g(t) <:| with right hand side, we
L @ allow c to be function of t

%Jrf(t)y:o —> d—;/:—f(t)dt —> y:Ce_“(t)dt

homogenous solution

c — int. constant
s
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3. Orbital perturbations

Variation of parameters

Variation of parameters is analytical method to

investigate influence of perturbation on planetary or
satellite motion

cft)=C+ [gt)e’ ot
e Mathematical intro: ’
diff. equation with dc _I ft)oe (t)

right hand side & dt

dy to obtain solution of eq.
d_ + f (t)y = g(t) <:| with right hand side, we
L @ allow c to be function of t

%Jrf(t)y:o —> d—;/:—f(t)dt —> y:Ce_“(t)dt

homogenous solution

c — int. constant

Wi
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3. Orbital perturbations

Variation of parameters

* Similar process can be applied to system of diff. eq.
e diff. equation of motion can be written as system of

equations
dar _
=V
dt
dv ,uq
rad(R
dt re ~ 9 ()

\\l\k
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3. Orbital perturbations

Variation of parameters

* Similar process can be applied to system of diff. eq.
e diff. equation of motion can be written as system of

equations
3_'; gy <olution F = F(t, 6 constants)
» without right »
av u hand side V =V(t, 6 constants)
g L grad(R) RS
r

B
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3. Orbital perturbations

Variation of parameters

* Similar process can be applied to system of diff. eq.
e diff. equation of motion can be written as system of

equations
3_'; gy <olution F = F(t, 6 constants)
|:'| » without right |:'| >
av u hand side V =V(t, 6 constants)
+--F =grad(R) RS

dt r’ ‘

6 int. constants are 6
orbital elements

Q1,mw,a,e, M

B
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3. Orbital perturbations

Variation of parameters

* Similar process can be applied to system of diff. eq.
e diff. equation of motion can be written as system of

equations
3_'; gy <olution F =F(t, 6 constants)
|:'| » without right |:'| >
av u hand side V =V(t, 6 constants)
+--F =grad(R) RS

dt  r?® @
variation of all 6

orbital elements 6 in.t. constants are 6
aito) € T

B
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3. Orbital perturbations

Variation of parameters

* Similar process can be applied to system of diff. eq.
e diff. equation of motion can be written as system of

equations
3_'; gy <olution F =F(t, 6 constants)
|:'| » without right |:'| >
av u hand side V =V(t, 6 constants)
+--F =grad(R) RS

dt  r?® @
variation of all 6

colculation o gy NI CEmENts | gy clements
parameters Q(’[), i (t),a)(t), OimaeM

B
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3. Orbital perturbations

Variation of parameters

* Similar process can be applied to system of diff. eq.

e diff. equation of motion can be written as system of
equations
dQ 1 oR di 1 oOR cosl ©OR

= =— +
dt nabsini oi dt nabsini 0Q nabsini dw

dM 2R b* @R da 2 oR

dt nada na‘e de dt na oM

de b OR b® R do___cosi R b oR
E_ na’e aa)+na4e oM dt nabsini ol na3e oe

Lagrange’s planetary equations

(e

\{
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3. Orbital perturbations

Variation of parameters

* Perturbative potential must be expressed by orbital
elements Q,1,w,a,e,M
2 =2
in“y —
R__ ,uR3 ], 3sin“y -1
r 2

B
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3. Orbital perturbations

Variation of parameters

* Perturbative potential must be expressed by orbital
elements Q,1,w,a,e,M

2 3sin‘y -1
Rz—ﬂR3 J, .o #sinw:sinisin(aﬁ@)

r 2
l a(l— ez) \ 2. approximation - ellipsoid
"= 1+ecosé R # R(Q)
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3. Orbital perturbations

Variation of parameters

* Perturbative potential must be expressed by orbital
elements Q,1,w,a,e,M

* _ 3sin“y -1
Rz—ﬂR3 J, ZW |:>singu:sinisin(a)+9)

’4 Y
a(]__ eZ) 2. approximation - ellipsoid

r= R = R(Q)

1+ecosd

* average value of R in one period T

1 e2x
:—det—— RdM
277 Y0
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3. Orbital perturbations

Variation of parameters

* Perturbative potential must be expressed by orbital
elements Q,1,w,a,e,M

* _ 3sin“y -1
Rz—ﬂR3 J, ZW |:>sim,u:sinisin(a)+9)

’4 Y
a(]__ 62) 2. approximation - ellipsoid

r= R = R(Q)

1+ecosd

* average value of R in one period T

\l\k
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3. Orbital perturbations

Variation of parameters

 Perturbative potential can be decomposed into average
(secular) and periodic part

R=R,+R,

B

\\KE esa Teoe S T U Orbital Mechanics
&\: e o o o Space for Education, Education for Space



3. Orbital perturbations

Variation of parameters

 Perturbative potential can be decomposed into average
(secular) and periodic part

R=R,+R,

s average value in one period

IS zero

B
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3. Orbital perturbations

Variation of parameters

 Perturbative potential can be decomposed into average
(secular) and periodic part

R=R,+R,

‘ % average value in one period

is zero

\l\k
\\“ esa : : : : S T U Orbital Mechanics
K 0090 Space for Education, Education for Space




3. Orbital perturbations

Variation of parameters

 Perturbative potential can be decomposed into average
(secular) and periodic part

R=R,+R,

@ % average value in one period

R R IS zero
. Replacing perturbative potential by its secular part

R EE) R HE) R

\\l\k

\\\ esa : : : : S T U Orbital Mechanics
K 0090 Space for Education, Education for Space




3. Orbital perturbations

Variation of parameters

 Perturbative potential can be decomposed into average
(secular) and periodic part

R=R,+R,

@ % average value in one period

R R IS zero
. Replacing perturbative potential by its secular part

R =) R =R mhR-—1 R fasin?i-2)
4a3(1—e2)
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3. Orbital perturbations

Variation of parameters

 Perturbative potential can be decomposed into average
(secular) and periodic part

R=R,+R,

@ % average value in one period

R R IS zero
. Replacing perturbative potential by its secular part

R =) R =R =) R-—1 R fasini-2)
4a3(1—e2)

R=R(a,e,i)
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3. Orbital perturbations

Variation of parameters

 Lagrange’s planetary equations

de _ [OR 6Rj ﬂ_i(aR (’9Rj da ( 6R
dt (ow oM dt |\ oQ ' dw E:a(aﬂj

G g
dt Ol

aM _ (R R
dt oa oOe
d w OR OR
—_— a) - ,
dt ( ol oe j

B
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3. Orbital perturbations

Variation of parameters

 Lagrange’s planetary equations = R(a, e,
@_e(aR EBR] di48R (’9Rj da [ éR
dt  \dw oM s dte |\ 0Q dw ' dt (aﬂj
46w

dt Ol

d_M:M(GR,EBRj
oa oe

dw OR OR

— a) —,

dt ol oe

e, i, d are constants
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3. Orbital perturbations

Variation of parameters

 Lagrange’s planetary equations = R(a, e,
@_e(aR EBR] di%aR (’9Rj da [ éR
dt  \dw oM % dt o\ 0Q dw (f dt (aﬂj
e, i, d are constants
dO R o
_:Q(a—_j d_Q:_ 3 > nJZ(Bj COSI
dt ol dt 2(1_92) a

dM dM 3 RY . .
— = - — =N+ nd,| — | (3cos“1-1
dt (8a Gej dt af1—e?f" Z(aj ( )

2
d_a’:w(al_q,ﬁRj 3 . nJZ(Bj (5COSZi—l)
dt ol oe a
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3. Orbital perturbations

Variation of parameters

 Lagrange’s planetary equations

Kepler’s orbit

input parameters:

r, =[2004.75, 6174.08, 1567.56 |km
v, =|-7.556, 1.581, 3.435 |kmvs

\\\\“{}‘ LI I ) . .
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3. Orbital perturbations

Variation of parameters

 Lagrange’s planetary equations

Perturbed orbit

Kepler’s orbit |:> after 100 x T
only J, is considered

AQ =-32.9° )

input parameters:

r, =[2004.75, 6174.08, 1567.56 |km
v, =|-7.556, 1.581, 3.435 |kmvs

=
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3. Orbital perturbations

Variation of parameters

 Numerical solution of orbital equations

Red color — perturbed orbit in specific time
range
Blue color — unperturbed Kepler’s orbit

Vi

e

B
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3. Orbital perturbations

Examples of orbits

* Sun-synchronous orbits
 Earth rotates counterclockwise around the Sun with angular
velocity 0.986° per day

 if satellite orbit rotates clockwise with the same angular
velocity, position of orbit relative to the Sun will be still the

16 same3 . f;(/)R -
— = Zng(—j cosi e
dt 2(1—62) a 1.8
712
%—?:‘232\/%(Bj CosI @
a

\\\\l\k
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3. Orbital perturbations

Examples of orbits

* Sun-synchronous orbits
 Earth rotates counterclockwise around the Sun with angular
velocity 0.986° per day

 if satellite orbit rotates clockwise with the same angular
velocity, position of orbit relative to the Sun will be still the

same a/R | |
i =956°fora=R |
a.... =12331 km for 1 =180° y
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Operating S-s satellites: h = 700 — 900 km
orbit: circular or near circular
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3. Orbital perturbations

Examples of orbits

* Sun-synchronous orbits Landsat — 4:1 = 99.07°

a=7285.799km

Blue: Kepler’s orbit

Red: sun-synchronous orbit

Orange: Sun and sun beam
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3. Orbital perturbations

Examples of orbits

* Sun-synchronous orbits

view from Earth
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3. Orbital perturbations

Examples of orbits

* Sun-synchronous orbits
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4. Orbital maneuvers

* Impulsive maneuvers

e Hohmann transfer

* Non-Hohmann transfer
 Plane change maneuvers
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4. Orbital maneuvers

Impulsive maneuvers

* Dbrief firings of rocket motors change the magnitude and
direction of the velocity vector instantaneously

 during an impulsive maneuver, the position of the
spacecraft is considered to be fixed, only the velocity
changes |:> impulsive maneuver is an
idealization

* velocity increment is related to consumed propellant
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4. Orbital maneuvers

Impulsive maneuvers

* specific impulse characteristics

Amg /mg, [-] Propellant Specific impulse I [s]

di cold gas 50
01 1,=90s Monopropellant 230
hydrazine
on =230 LOX/LH2 455
0.001} |, =455s lon propulsion >3000
1 10 100 1000  10* ‘
u,=1.9 Avg [m/s]
ﬁ M., —AM
Avg =—u Ln| —2 2
Mg,

\\\“k} e 0o 00 . .
{zesa ::::STU s




4. Orbital maneuvers

Impulsive maneuvers

e impulse at periapsis
P bertap r=r_ . +300km

Vp, = 7.8km/s
e, =0.019

o, Vpy

AVp
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4. Orbital maneuvers

Impulsive maneuvers

e impulse at periapsis
P bertap r=r_ . +300km

Vp, = 7.8km/s
e, =0.019
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4. Orbital maneuvers

Impulsive maneuvers

e impulse at periapsis
P bertap r =r.  +300km

Vp, = 7.8km/s
e, =0.019
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4. Orbital maneuvers

Impulsive maneuvers

e impulse at periapsis
P bertap r=r_ . +300km

Vp, = 7.8km/s
e, =0.019
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4. Orbital maneuvers

Impulsive maneuvers

e impulse at periapsis
P bertap r=r_ . +300km

Vo, = 7.8Km/s
e, =0.019

Ve, =8.8knvs Ve, = 9.8KNys
e, =0.297 e, =0.609

., =123314km 1y, = 27482.1km
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4. Orbital maneuvers

Impulsive maneuvers

* impulse at apoapsis

20000 o = Iy +300 km
Vp, =8.8km/s
=0.297

‘ AV 5, = 0.4kmy/s
AvV,, =0.919knVs

AV s = 2.KmMY/s
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4. Orbital maneuvers

Impulsive maneuvers

* impulse at apoapsis

20000 o = Iy +300 km
Vp, =8.8km/s
=0.297

% AV 5, = 0.4kmy/s
AvV,, =0.919knVs

( AV = 2.km/s

circle

(e

\

dtesa

* : : : S T U Orbital Mechanics
~ Space for Education, Education for Space




4. Orbital maneuvers

Hohmann transfer

* 2 impulse maneuvers circle orbit 1: circle orbit 2 - GEO:
I =TI +1000KM T, =15y = 42164 Km

v, =y uln Vo, =yl

Hohmann transfer:
| - 1 r,
—40 000 -20000 e
\¢ :

AV

s
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4. Orbital maneuvers

Hohmann transfer

* 2 impulse maneuvers circle orbit 1: circle orbit 2 - GEO:
I =TI +1000KM T, =15y = 42164 Km

v, =y uln Vo, =yl

Hohmann transfer:
| | 1/ | | Ay h
—40 000 ~20000 K _ 10000 r2 - e - HT

AV

s

\\KE esa : : : : S T U Orbitz.aIMechaniFs
&\? e o o o Space for Education, Education for Space



4. Orbital maneuvers

Hohmann transfer

* 2 impulse maneuvers circle orbit 1: circle orbit 2 - GEO:
I =TI +1000KM T, =15y = 42164 Km

v, =y uln Vo, =yl

Hohmann transfer:

@)

| Ay
—40 000 -20000 O 20000 40000 HT
K% I‘2 eHT

AV, = 2.24kn/s
AV, =1.39km/s

AV

s
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4. Orbital maneuvers

Non-Hohmann transfer

e 2 impulse MANEUVErlS -« transfer between 2 elliptical orbits

* elliptical orbits are in the same plane and are
40000+ coaxial
* locations of points A and B are defined by

20000! true anomaly 8, a &,

point B

orbit 1 AN
~40000 -30000 {20000 —10000% = [t

orbit 2
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4. Orbital maneuvers

Non-Hohmann transfer

e 2 impulse MANEUVErlS -« transfer between 2 elliptical orbits

* elliptical orbits are in the same plane and are
40000+ coaxial

* locations of points A and B are defined by
20000! true anomaly 8, a &,

transfer & %
point B 4 trajectory

transfer trajectory

4, v,

orbit 1 pointA 2

—40'00%) ~30000 120000 —10000 s I 'n = )z, (1—|— ecosd ) y7i (1-|— eCO0S ‘98 )

N ¢

h, e
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4.0

rbital maneuvers

Non-Hohmann transfer

e 2 impulse MANEUVErlS -« transfer between 2 elliptical orbits

|

<

40000+

30000+

point B

orbit 1 P
_{}g< //

* elliptical orbits are in the same plane and are
coaxial

* locations of points A and B are defined by
true anomaly 8, a &,

* transferorbit  h, e

|

<

B

—4000@ —-30000

20000 ~100001 " /b4
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4. Orbital maneuvers

Non-Hohmann transfer

e 2 impulse MANEUVErlS -« transfer between 2 elliptical orbits

* elliptical orbits are in the same plane and are

40000+ coaxial

* locations of points A and B are defined by
true anomaly 8, a &,

* transferorbit  h, e

— point B 7
VTB - B

B

30000+

<
<

2B

orbit 1 g
I ! I | I ‘Z"'- ,’\\ Y
~40000 -30000 {20000 —10000% = [t
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4. Orbital maneuvers

e 2 impulse maneuvers

40000+

30000+

orbit 1 P

Non-Hohmann transfer

* transfer between 2 elliptical orbits

* elliptical orbits are in the same plane and are
coaxial

* locations of points A and B are defined by
true anomaly 8, a &,

* transferorbit  h, e

<
<

B 2B

20000 ~100001 " /b4

AVg = \/(\728 — Vg )-(\728 — Vg )

y 4

AVB — \/V2|3V2|3 +VigVig — 2VZBVTB
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4. Orbital maneuvers

Non-Hohmann transfer

e 2 impulse MANEUVErlS -« transfer between 2 elliptical orbits
Vi * elliptical orbits are in the same plane and are

. V
AVA TA40000- coaxial
N * locations of points A and B are defined by
Via Yy ono! true anomaly @, a0,
* transferorbit  h, e
_ point B
Vg

orbit 1 AN
~40000 -30000 {20000 —10000% = [t
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4. Orbital maneuvers

Plane change maneuvers

* single impulse maneuver

* To change the orientation of a satellite's
orbital plane, typically the inclination, the
direction of the velocity vector has to be
changed.
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4. Orbital maneuvers

Plane change maneuvers

* single impulse maneuver

* To change the orientation of a satellite's
orbital plane, typically the inclination, the
direction of the velocity vector has to be
changed.

@ AV =V, — ¥,

pure rotation

planes

is angle between the
AV = 2vsin(gj =0
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